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Abstract

A non-linear thermodynamic analysis of ferroelectric systems with localized space charges for monolithic and compositionally graded
materials is described wherein the electrostatic interlayer interactions are specifically accounted for. The electrostatic coupling is estab-
lished through the built-in polarization due to the space charges and the intrinsic polarization variations between the ferroelectric layers.
The findings show that the polarization hysteresis response of monolithic stress-free barium strontium titanate (BST) ferroelectrics with
asymmetrically distributed space charges result in a displacement of the hysteresis loop along the applied electric field axis. In compo-
sitionally graded BST multilayers, the hysteresis response is characterized by off-sets along both the polarization and the electric field
axes, yet with magnitudes of displacement that are markedly larger than those for monolithic ferroelectrics.
Published by Elsevier Ltd. on behalf of Acta Materialia Inc.
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1. Introduction

It has been nearly 20 years since the observation of a dis-
placement of the polarization–electric field hysteresis loop
along the polarization axis and a giant (pseudo) pyroelectric
response in a compositionally graded KNbO3–KTaO3 and
the postulation that its origin arises from an intrinsic poten-
tial as a result of the concentration gradient [1]. Since that
time, there has been significant interest in ferroelectric
heterostructures with asymmetric variations in the composi-
tion. Much of the discussion in the literature has sought to
clarify whether the initial findings were of a fundamental nat-
ure, with potential for a new class of solid-state devices or an
artifact arising from imperfect chemistry or crystallinity.
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While similar behavior was observed in other ferroelec-
tric systems, including those in Refs. [2–9], the controversy
surrounding graded ferroelectrics has remained mainly
unresolved. Experimental studies are intriguing, in that
they show graded ferroelectrics give a temperature insensi-
tive dielectric response and tunability [10,11], as well as an
exceptionally large pyroelectric response [1]. In addition to
these findings, it has also been noted that similar polariza-
tion off-sets have been observed experimentally by impress-
ing temperature gradients or by imposing nonuniform
external stress fields across a monolithic ferroelectric mate-
rial lending credibility to a fundamental root cause to the
phenomenon [12,13].

Various theoretical approaches have been proposed in
order to explain the origin of the polarization off-sets.
One mechanism strongly argued for is that the off-sets
arise from asymmetrical current injection at the contacts
[14], while others have proposed time-dependent space-
charge-limited conduction [15]; plausible lines of reasoning
as such behavior has often been reported for imperfect
.
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Fig. 1. (a) Monolithic (rc ¼ 0) ferroelectric material free from space
charges (r = 0); (b) monolithic ferroelectric material consisting of “layers”

of equal thickness with space charges located at each interlayer interface;
(c) monolithic ferroelectric material consisting of “layers” with different
thicknesses with space charges located at each interlayer interface; and (d)
multilayered compositionally graded (rc – 0) ferroelectric heterostructure
made up of layers of equal thickness with space charges located at each
interlayer interface.
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semiconductor materials and imperfect contacts [16]. Tra-
ditional analysis has been complicated as well since the
concentration, temperature or strain gradients imposed in
the experiments have necessitated modification of the Lan-
dau–Ginzburg free energy with the introduction of a term
in odd power of polarization [17]. A similar methodology
can be employed to describe any systematic variation in
other scalar quantities, such as defect concentration and
density [18].

There have also been theoretical studies focusing on the
modification of the properties of ferroelectric materials in
the presence of space charges. Bratkovsky and Levanyuk
[19] predicted a suppression of the ferroelectric–paraelec-
tric phase transition temperature with increasing space
charge density. Due to discretely distributed localized
charges, a monolithic ferroelectric material can be thought
of to be composed of “sections” or “layers” with different
polarization values when space charges are present. Theo-
retical analysis clearly shows that polarization switching
in each section or layer takes place at the same coercive
electric field strength [19]. Building upon these results,
Zubko et al. [20], found a reduction in the polarization
and coercive electric field with increasing space charge den-
sities and examined possible leakage mechanisms such as
space-charge limited conduction, Schottky thermionic
emission under full and partial depletion and Poole–Fren-
kel conduction [21]. Similar studies were carried out by
Pintilie et al. [22]. These show that the leakage mechanisms
in metal–ferroelectric–metal heterostructures can be related
to interface controlled injection of charges followed by
their slow drift through the film. Furthermore, recent mod-
els based on electrostatic interactions between ferroelectric
multilayers [23] that take into account the presence of
localized charge demonstrate that the overall polarization
response may be enhanced due to the “built-in” polariza-
tion [24].

In this study, we present the results of a theoretical anal-
ysis that aims to combine the many effects and theories of
compositionally graded and spatially localized charges at
the interlayer interfaces. The formalism is based on Landau
theory of phase transformations taking into consideration
electrostatic interactions between layers originating from
localized space charges and the polarization in each layer.
Due to these electrostatic fields, we show that it is possible
to displace the thermodynamic polarization hysteresis
loops along both the polarization and the electric field axes.
More interestingly, we find that, when a compositional gra-
dient exists, even small amounts of localized space charges
markedly accentuate the off-sets.

2. Theory

To understand the combined role of localized space
charges at interlayer interfaces (specified through a surface
charge density of r) and compositional gradients, we begin
our analysis by considering four different model cases: (i) a
monolithic ferroelectric material free from space charges,
r = 0 (Fig. 1a); (ii) a monolithic ferroelectric material in
which space charges are distributed symmetrically with
respect to the midsection of the ferroelectric material so
that the ferroelectric material is divided into layers (sec-
tions) with equal thicknesses on which space charges are
located (Fig. 1b); (iii) a monolithic ferroelectric material
in which space charge (r – 0) is distributed asymmetrically
with respect to the midsection of the ferroelectric material,
i.e. divided into layers having different thicknesses (Fig. 1c),
hence the space charge is skewed towards either the top or
the bottom electrode; and (iv) a multilayered composition-
ally graded ferroelectric heterostructure in which the space
charge (r – 0) is distributed symmetrically with respect to
the midsection of the heterostructure, i.e. same layer thick-
ness (Fig. 1d).

In all these cases, we assume that the ferroelectric film or
each layer depending on the particular case (Fig. 1) is in a
monodomain state. We note that for the compositionally
graded heterostructure of Fig. 1d it is possible to form a
polydomain state consisting of wedge-shaped domains to
minimize the total electrostatic energy [25,26]. We further
assume in our theoretical approach that the ferroelectric
material is stress-free and unclamped so as to be able to iso-
late the effects of either the space charges or the composi-
tional gradients on the resulting ferroelectric properties.
The model can be readily expanded to thin film systems
by taking into account epitaxial/thermal strains and the
two-dimensional clamping of the substrate through renor-
malized Landau coefficients [27].

The electrostatic boundary conditions governing the
electrical response of such kind of heterostructures are
given by: (i) the continuity of the normal component of
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the electric displacement field at each interlayer interface,
i.e.

ðP i � P iþ1Þ þ e0ðED;i � ED;iþ1Þ ¼ r i ¼ 1; 2; . . . ; ðn� 1Þ
ð1Þ

and (ii) the short-circuit conditions (both electrodes are
held at the same potential),Xn

i¼1

‘iED;i ¼ 0 ð2Þ

Here, P i, ED;i and ‘i are the polarization, depolarizing
electric field in layer i and thickness of layer i, respectively,
and e0 is the permittivity of free space. The polarization in
each layer i is assumed to be constant. For the sake of sim-
plicity, the localized surface charge density r is taken to be
constant in our calculations. Such a discrete allocation of
localized charges is employed to approximate a continuous
“homogeneous” distribution of space charges [19]. The
condition of constant r can certainly be relaxed to discuss
more complicated cases although we shall refrain from
doing so in this study. These include, for instance, non-
monotonic variations in the charge density or a “lump”

of charge concentrated at a particular interlayer interface.
This can be achieved by assigning a different space charge
density to each interlayer interface (ri) and/or varying the
layer thicknesses. For example, in a recent study we ana-
lyzed the effects of polarization coupling in ferroelectric
multilayers where the space charges are localized at each
interlayer interface with different concentrations resulting
in a uniform “coupling strength parameter” between layers
in the heterostructure [28]. We shall show that “asymmet-
ric” (nonhomogeneous) distribution of space charges may
be achieved by varying the thickness of each “layer” (see
Fig. 1c).

The solution of the system of equations given via rela-
tions (1) and (2) is described in the Appendix A.
Accordingly,

ED;i ¼ �
1

e0

P i �
Xn

j¼1

ajP j þ
Xn

j¼1

ðn� jÞaj � ðn� iÞ
" #

r

( )

i ¼ 1; 2; . . . ; n ð3Þ

Therefore, in the most general case, the total free energy
density of an n-layered ferroelectric heterostructure is given
as:

F R ¼
Xn

i¼1

ai F 0;i þ
1

2
aiP 2

i þ
1

4
biP 4

i þ
1

6
ciP 6

i � EextP i

� �

� 1

2

Xn

i¼1

aiED;iP i; ð4Þ

where ai is the volume fraction of layer i, F 0;i is the free en-
ergy density of the polarization-free paraelectric phase, and
ai, bi, and ci are the dielectric stiffness coefficients of layer i.
The temperature dependence of the coefficient ai is given by
the CurieWeiss law such that ai ¼ ðT � T C;iÞ=e0Ci, where
T C;i and Ci are the Curie temperature and constant of layer
i, respectively. Eext is the externally applied electric field.

Inserting Eq. (3) into Eq. (4) results in a term that
encompasses an odd power of the polarization; ðair=2e0ÞPn

j¼1ðn� jÞaj � ðn� iÞ
h i

P i. This term behaves mathemati-

cally in an identical fashion to the phenomenological term
suggested by Marvan and Fousek [17] and Bratkovsky and
Levanyuk [18]. We shall show that this term will result in
the displacement of the thermodynamic hysteresis loops
of ferroelectrics with localized space charges and composi-
tionally graded ferroelectric heterostructures.

The equilibrium polarizations, P i, are determined as
solutions to the equations of state given as @F R=@P i ¼ 0
for i = 1, 2, . . ., n where

@F R

@P i
¼ aiP i þ biP 3
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i � Eext þ 1
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The average polarization hP i is calculated from the equi-
librium polarizations:

hPi ¼
Xn

i¼1

aiP i ð6Þ

The electric field, at which the determinant of the Hes-
sian matrix of the total Gibbs free energy function F R

becomes zero (i.e. it looses its positive definiteness) is the
thermodynamic coercive field. Formally, we look for an
Eext which results in
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and P k denote the corresponding solutions of the system of
equations at Eext given via Eq. (5).

3. Results and discussion

In this study, we focused on the evolution of the hyster-
esis response of the four systems shown in Fig. 1. In order
to describe the differences in the polarization–electric field
hysteresis response of these systems, we provide in Fig. 2



Fig. 3. Hysteresis loop of a charge-free BST 80/20 at room temperature
shown in Fig. 1a. It is centered exactly at (0, 0).
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a schematic representation of a displaced thermodynamic
hysteresis loop. Fig. 2 also contains parameters that will
be employed to characterize such hysteresis response. Ecl

and Ecr are the coercive electric fields on the left and right
side of the hysteresis loop, respectively. Ehc is the coordi-
nate of the center of the hysteresis loop along the electric
field axis, i.e. Ehc = ½(Ecr + Ecl). Hw is the width of the
hysteresis response, i.e. Hw = Ecr � Ecl. Hh is the height
of the hysteresis loop such that Hh = Pup(Ehc) � Pdown(Ehc)
where Pup(Ehc) and Pdown(Ehc) are the up (positive) and
down (negative) polarizations at Ehc, respectively. Phc is
the coordinate of the center of the hysteresis loop along
the polarization axis defined through Phc = ½[Pup(Ehc) +
Pdown(Ehc)].

For our simulations we considered barium strontium
titanate, BaxSr1�xTiO3 [BST x/(1 � x)], as the ferroelectric
material. The thermodynamic parameters of BST were
assumed to vary linearly as a function of x between those
values of bulk BaTiO3 and bulk SrTiO3 listed in Table 1
[28].

3.1. Monolithic ferroelectric material

For a monolithic, stress-free, unclamped ferroelectric
material free from space charges, i.e. n = 1 and r ¼ 0,
shown in Fig. 1a, the total free energy given by Eq. (4) sim-
plifies to the well-known relation:

F R ¼ F 0 þ
1

2
aP 2 þ 1

4
bP 4 þ 1

6
cP 6 � EextP ð10Þ

In Fig. 3 we plot the thermodynamic hysteresis loop of a
monolithic ferroelectric BST 80/20 for which, quite expect-
edly, the center (Ehc, Phc) is located at the origin (0, 0) of
the polarization–electric field coordinate system.
Fig. 2. Schematic drawing of a displaced hysteresis loop and the
parameters employed to define the hysteresis response.

Table 1
Materials and thermodynamic parameters of bulk BaTiO3 and SrTiO3 (T
in �C).

T C ð�CÞ C ð�CÞ b (Nm6/C4) c (Nm10/C6)

BaTiO3 120 1.7 � 105 1.44 (T � 175) � 107 3.96 � 1010

SrTiO3 �253 0.8 � 105 8.4 � 109 –
3.2. Monolithic ferroelectric with symmetrically distributed

space charges

In this case, the hysteresis loop shrinks progressively
along both the electric and the polarization axis, i.e. both
its width and height decrease with increasing space charge
density. These results are consistent with the findings of
Zubko et al. [20] for fully depleted films. This reduction
can be clearly seen in Fig. 4, where the evolution of the hys-
teresis loop is determined as a function of the space charge
density r (from 0 to 0.1 C m�2) viewed along the r-axis for
a BST 80/20 ferroelectric consisting of five equally thick
layers. The most outer and inner hysteresis loops corre-
sponds to r = 0 and 0.1 C m�2, respectively. The high-
lighted loop corresponds to r = 0.05 C m�2. The
hysteresis loop remains centered exactly at the origin for
all r values investigated, i.e. (Ehc; P hc) = (0, 0). The room
temperature variations of all the hysteresis parameters with
space charge density are provided in Fig. 5. At low values
of space charge density (r 6 0:02 C m�2) both the “right”
and “left” coercive electric fields, and thus the width of
Fig. 4. Dependence of the hysteresis loop of BST 80/20 at room
temperature on symmetrically distributed r (Fig. 1b) with five equally
thick “layers”. It is centered exactly at (0, 0).



Fig. 6. Dependence of the hysteresis loop of BST 80/20 at room
temperature with five “layers” on asymmetrically distributed r (Fig. 1c)
towards the top electrode for layer fractions 0.14, 0.34, 0.13, 0.23, and
0.16.

Fig. 5. Variation of hysteresis parameters of BST 80/20 at room
temperature on symmetrically distributed r (Fig. 1b) with five equally
thick “layers”.

Fig. 7. Variation of hysteresis parameters of BST 80/20 at room
temperature with five “layers” for asymmetrically distributed r (Fig. 1c)
towards the top electrode with layer fractions 0.14, 0.34, 0.13, 0.23, and
0.16.
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the hysteresis loop, remain practically unchanged. How-
ever, these parameters decrease approximately linearly
toward zero with increasing space charge densities.

3.3. Monolithic ferroelectric with asymmetrically distributed
space charges

In this case, the monolithic ferroelectric material can be
thought of as if it were made up of layers of different thick-
ness such that ai – aj, as shown schematically in Fig. 1c.
Note that we consider here only configurations that will
yield an asymmetric charge distribution. For such geome-
tries, space charge accumulates on one side of the ferroelec-
tric material and the charge distribution symmetry with
respect to the midsection of the ferroelectric material is
lost. We examined a distribution of space charges in a
BST 80/20 ferroelectric where the volume fractions of lay-
ers were taken as 0.14, 0.34, 0.13, 0.23, and 0.16 from the
bottom electrode to the top electrode. For this particular
configuration, the space charge is skewed towards the top
electrode. The variation of the hysteresis loop with space
charge density r is depicted in Fig. 6 along the r-axis.
The most outer and inner hysteresis loops correspond to
r = 0 and 0.1 C m�2, respectively. The highlighted loop is
for r = 0.05 C m�2. Again, as in the previous case, the pri-
mary effect of the space charges is to cause a contraction in
the hysteresis loops. There is a negligible change in the hys-
teresis behavior for r < 0.02 C m�2 (see Fig. 7a and b).
Moreover, it is notable that for high space charge densities
(r P 0:04 C m�2) the loops are clearly shifted along the
electric field axis towards negative electric field values.
Although this effect is small, it is not negligible and the dis-
placement increases linearly with increasing space charge
density. Such kind of shifts along the electric field axis have
commonly been observed experimentally, and this behavior
is usually explained through the presence of charged
defects (see e.g. [29,30]). On the other hand, the shift along
the polarization axis is minute, corresponding to variations
on the order of 10�4 C m�2 (Fig. 7b). Thus, the center of
the hysteresis loop is located on the electric field axis.
Reversing the space charge distribution, i.e. changing the
volume fractions of layers from bottom to top electrode
as 0.16, 0.23, 0.13, 0.34, and 0.14, flips the direction of both
of the shifts observed along the electric and the polariza-
tion axis (Fig. 8). In this case, the center of the hysteresis



Fig. 8. Dependence of the hysteresis loop of BST 80/20 at room
temperature with five “layers” on asymmetrically distributed r (Fig. 1c).
Layer fractions were taken as 0.14, 0.34, 0.13, 0.23, and 0.16 towards the
top electrode and 0.16, 0.23, 0.13, 0.34, and 0.14 towards the bottom
electrode.

Fig. 9. Dependence of the hysteresis loop of five-layered upgraded BST
70/30–75/25–80/20–85/15–90/10 heterostructure on symmetrically distrib-
uted r at room temperature.

Fig. 10. Dependence of the hysteresis parameters of five-layered upgraded
BST 70/30–75/25–80/20–85/15–90/10 heterostructure on symmetrically
distributed r at room temperature.

44 M.B. Okatan et al. / Acta Materialia 58 (2010) 39–48
loop (Ehc; P hc) is translated to (�Ehc;�P hc), which can be
obtained by multiplying the values given in Fig. 7b by (�1).

3.4. Compositionally graded ferroelectric with symmetrically
distributed space charges

We examined the effect of space charge on the hysteresis
loop of a five-layered upgraded BaxSr1�xTiO3 [BST x/
(1 � x)] heterostructure in which from bottom to top elec-
trode composition of each layer was taken as BST 70/30–
75/25–80/20–85/15–90/10. Compared to the monolithic
ferroelectrics with either symmetrically or asymmetrically
distributed space charges, the presence of even small
amounts of space charge in compositionally graded ferro-
electrics has an immense effect on the hysteresis response
for these systems, as shown in Fig. 9. The first striking fea-
ture is that the shift observed along the electric field axis is
significantly larger than that of a monolithic ferroelectric
with an asymmetric charge distribution; the hysteresis
loops are displaced to the right with increasing space
charge density, r. The variation of the hysteresis parame-
ters describing the loops as a function of r are summarized
in Fig. 10. It can be seen that, as in the previous cases of
monolithic ferroelectrics, the hysteresis loops become smal-
ler both in width and height with increasing r. Note also,
however, that there is now considerable displacement along
the polarization axis as well (Fig. 10b). Therefore, the cen-
ter of the hysteresis loop moves along a diagonal-like tra-
jectory as a function of the space charge density. The
direction of the movement of the center of the hysteresis
loop depends on the direction of compositional grading,
i.e. whether the ferroelectric is upgraded or downgraded.
This is presented in Fig. 11, where it is shown that when
going from an upgraded to a downgraded ferroelectric het-
erostructure the magnitude of the diagonal-like displace-
ment is preserved but not its direction. For example, in a
downgraded BST 90/10–85/15–80/20–75/25–70/30 hetero-
structure the displacement of the hysteresis loop can be
determined, again, from the values given in Fig. 10b by
multiplication with (�1). It is also significant to note from
Fig. 11 that there is no shift in the hysteresis loops of fer-
roelectric heterostructures free from space charges regard-
less whether they are upgraded or downgraded.



Fig. 11. Room temperature hysteresis loops of five-layered upgraded (ug)
BST 70/30–75/25–80/20–85/15–90/10 and downgraded (dg) BST 90/10–
85/15–80/20–75/25–70/30 heterostructures with symmetrically distributed
r.

Fig. 12. (a–c) Three-dimensional plots of the average equilibrium polarization (
layered upgraded BST heterostructure with compositions from the bottom laye
Eext ¼ 0. (d) The average built-in (nonswitchable) polarization.

M.B. Okatan et al. / Acta Materialia 58 (2010) 39–48 45
We further investigated the asymmetry of the polariza-
tion response in a five-layered upgraded BST 70/30–75/
25–80/20–85/15–90/10 heterostructure. In the absence of
an externally applied electric field, Eext ¼ 0, the dependence
of both average positive (up) and average negative (down)
polarizations on temperature T and space charge density r
are plotted in Fig. 12a–c. At r ¼ 0 C m�2, the average posi-
tive and average negative polarization values are symmet-
ric, i.e. hP positivei ¼ jhP negativeij. This symmetry is lost when
even minor amounts of interfacial charges are introduced
into the heterostructure (Fig. 12a and b). It can be clearly
seen that the ferroelectric transition temperature is
suppressed as the space charge density is increased
(Fig. 12c). This is in complete agreement with the results
of Bratkovsky and Levanyuk for simple monolithic ferro-
electric bilayers [19]. Additionally, there is a nonzero polar-
ization in the paraelectric region that can be explained due
to presence of space charges in the heterostructure, as illus-
trated in Fig. 12a–c. This is the built-in, nonswitchable
both positive and negative) as a function of the temperature and r in a five-
r to the top layer corresponding to BST 70/30–75/25–80/20–85/15–90/10 at
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polarization of the space charge that exists within the ferro-
electric region as well. Thus, the average up/down polariza-
tion in the ferroelectric region is actually the sum of two
different polarizations: namely (i) the average built-in (non-
switchable) polarization hP nsi and (ii) average ferroelectric
(switchable) polarization hP swi. We plot the variation of the
average built-in polarization in the ferroelectric hetero-
structure in Fig. 12d. Within the ferroelectric region, the
built-in polarization always corresponds to a metastable
state of the ferroelectric heterostructure compared to the
up/down ferroelectric polarizations. Furthermore, although
not shown here, note that the built-in polarization in each
layer is sensitive to temperature changes in compositionally
graded multilayers whereas in monolithic ferroelectrics
with space charges (see Section 3.2) there is no such a
temperature dependency of the built-in polarization as
discussed by Bratkovsky and Levanyuk [19].

The (total) polarization P i ¼ P ns;i þ P sw;i of each layer in
the absence of an externally applied electric field as a func-
tion of r at 0 �C and 25 �C are shown in Fig. 13. At
T = 0 �C, in the ferroelectric regime (r < 0.086 C m�2),
higher (total) polarization Pi values are attained in ferro-
electrically softer compositions whereas in the paraelectric
region this behavior is completely reversed. As expected,
the polarization Pi varies considerably from the average
Fig. 13. The variation of the total equilibrium polarization, P, nonswitcha
polarization Psw in a five-layered upgraded BST 70/30–75/25–80/20–85/15–90/1
at T = 25 �C.
polarization hPi with increasing space charge density. An
interesting polarization state arises in the ferroelectric het-
erostructure in the vicinity of r � 0:084 C m�2. It seems
that there is an anti-ferroelectric interaction across the
interlayer interfaces between BST 90/10 and BST 85/15,
i.e. the (total) polarization in BST 90/10 is negative
whereas it is positive in BST 85/15 and other layers. The
switchable (ferroelectric) polarization Psw in each layer is
practically the same, as shown in Fig. 13c, although there
is a difference of �10�3–10�4 C m�2 between adjacent lay-
ers. The highest switchable polarization, Psw, exist in the
layer having the ferroelectrically “hardest” composition,
BST 90/10. At T = 25 �C, the ferroelectric to paraelectric
transition takes place at a lower charge density
(r ¼ 0:04 C m�2) and, with the exception of the anti-ferro-
electric coupling between layers, all the features of Pi, Pns,
and Psw mentioned for T = 0 �C are the same.

We note that the formalism presented in this study is
based on thermodynamics and as such it cannot account
for dynamic effects resulting from migration of space
charges [15,31]. Furthermore, the switching of the ferro-
electric multilayers discussed herein corresponds to ther-
modynamic instability rather than nucleation and growth
of electrical domains. Other mechanisms that have not
been considered include stresses at the surfaces or electrode
ble (built-in) polarization Pns (solid line) and switchable (ferroelectric)
0 heterostructure in each layer at Eext ¼ 0: (a and b) at T = 0 �C; (c and d)
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interfaces [32] that may be greater than the electrostatic
effects and possible intervening effects resulting from elec-
trode screening and/or metal induced gap states [33]. How-
ever, the theoretical results identify the origin of the role of
space charges and compositional gradients and establish
the driving force for the behavior of such materials when
an electric field is applied. Therefore, these findings can
be employed to design multilayer ferroelectric materials
systems for sensors/actuators and tunable devices by
exploiting the electrostatic interlayer interactions.
4. Conclusions

In this study, we have analyzed the equilibrium polariza-
tion states and corresponding thermodynamic hysteresis
loops of monolithic/multilayer ferroelectrics under the
combined effect of compositional grading and localized
space charges. The theoretical model was based on a
non-linear thermodynamic approach using Landau theory
of phase transformations and incorporating electrostatic
interactions arising from the presence of both “built-in”

and “switchable” polarizations. Our numerical results
show that for stress-free compositionally graded BST mul-
tilayers there is a diagonal off-set of the polarization hyster-
esis loops corresponding to a displacement along both the
applied field and polarization axes only if there are both
localized space charges and compositional gradients in
the heterostructure. While the present study correctly iden-
tifies the driving force for polarization reversal in such con-
structs, future work should concentrate on dynamic
properties of these materials systems, including possible
domain mechanisms and defect mobility.
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Appendix A

The system of equations given by relations (1) and (2)
are solved as follows:

1 �1 0 0 � � � 0 0

0 1 �1 0 � � � 0 0

0 0 1 �1 � � � 0 0
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ðA1Þ
The augmented matrix of Eq. (A1),

ðA2Þ

can be rewritten after a simple Gaussian elimination as:

ðA3Þ
The last summation term can be expressed as:

1
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ðP i � P iþ1 � rÞ
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Solving for ED;n, one finds

Xn

i¼1

‘i

 !
ED;n¼�

1

e0

Xn

j¼1
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P n�

Xn
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ED;n ¼ �
1

e0

P n �
Xn

j¼1

ajP j þ
Xn�1

i¼1

Xi

j¼1

aj

 !
r

" #
ðA6Þ

where aj ¼ ‘j

�Pn
i¼1‘i. For clarification, it is worth to men-

tion that in Eq. (A6) the upper bounds of summations “n”

and “n � 1” are independent from the index “n” given on
the left-hand side of the equation. The double summation
term in Eq. (A6) can be expressed as a single summation as:

Xn�1

i¼1

Xi

j¼1

aj ¼
Xn�1

k¼1

ðn� kÞak ¼
Xn

k¼1

ðn� kÞak ðA7Þ

Thus,

ED;n ¼ �
1

e0

P n �
Xn

j¼1

ajP j þ
Xn

j¼1

ðn� jÞaj

 !
r

" #
ðA8Þ
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Through back substitution, it is straightforward to show
that the solutions of the system of equations given via Eqs.
(1) and (2) are

ED;i ¼ �
1

e0

P i �
Xn

j¼1

ajP j þ
Xn

j¼1

ðn� jÞaj � ðn� iÞ
 !

r

" #
;

i ¼ 1; 2; . . . ; n ðA9Þ
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